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Algorithmic funnel-and-gate system design optimization
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[1] Funnel-and-gate systems (FGSs), which constitute a common variant of permeable
reactive barriers used for in situ treatment of groundwater, pose particular challenges to the
task of design optimization. Because of the complex interplay of funnels and gates, the
evolutionary algorithms applied have to cope with multimodality, nonseparability, and
nonlinearity of the optimization task. We analyze these features in a test case, introducing
an objective function for design cost and constraints to account for plume capture and
detention time in the gate reactors. We show that the derandomized evolution strategy with
covariance matrix adaptation (CMA-ES) does solve the given design optimization
problem with high success rates. We further examine the performance of the algorithm for
the example of four-gate systems in three heterogeneous template aquifers. Here a special
focus is set on the parameterization of the FGS (i.e., the problem encoding). The
comparison of three different encodings reveals their significance concerning the search
progress and its success. Among the found optimal and near-optimal design solutions,
mutual patterns were recognized. In particular, a large central barrier seems to be a

superior feature.

Citation:
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1. Introduction

[2] Permeable reactive barriers (PRBs) have evolved as a
promising alternative to traditional contaminant plume
management methods, such as pump-and-treat (P&T) sys-
tems [e.g., Gavaskar, 1999]. Unlike the well-established
P&T approach, which is based on active hydraulic contain-
ment by wells, PRBs are essentially passive technologies.
Here vertical barriers are installed in an aquifer to transect a
contaminant plume and prevent it from further downgra-
dient spreading. These barriers can be constructed
as continuous permeable walls, which are uniformly fabri-
cated out of reactive media such as zero-valent iron to
degrade contaminants in situ. Alternatively, reactive barrier
elements or zones (““gates’’) are intersected by impermeable
segments (“funnels”) which direct the plume to the gates
(Figure 1). This specialized variant of PRBs, the so-called
funnel-and-gate system (FGS), provides a more spatially
focused in situ treatment of contaminants [Starr and Cherry,
1994; Teutsch et al., 1997]. This could be an advantage in
highly heterogeneous aquifers or in the case of complex
contaminant mixtures, which have to be treated in multiple
reactors. Furthermore, if the longevity of the treatment
material used cannot be assured or, as is common for
applications with sorptive media, has only a limited life-
time, it is sufficient to only exchange exhausted media in
the gates, instead of replacing the entire wall [e.g., U.S.
Environmental Protection Agency, 2002; Bayer and Finkel,
2006a]. Compared with continuous walls, however, the
appropriate design of FGSs is more challenging. In addition
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to the decision of the total length, width, and geometry of a
continuous wall, an FGS design requires an arrangement of
the sequence of funnels and gates according to site-specific
conditions. Both the various degrees of freedom in technol-
ogy design, as well as the relevant site-specific factors, such
as the hydraulic situation, the distribution of contaminants,
and the desired cleanup goals, can result in a demanding
optimization problem.

[3] Despite the fact that PRBs and P&T remediation
technologies are quite different conceptually, the overall
management problem is essentially the same: A contami-
nant plume has to be captured and contaminants have to be
removed from the subsurface system. Potentially, other
(additional) constraints, such as a lack of severe decrease
or increase of the water table or restricted space for
technology implementation, have to be taken into account.
An optimal solution would achieve all that at minimum
costs. If a calibrated site model is available, the search for
the most cost-efficient design may be automated by a
mathematical formulation with the management problem
as an objective function (OF). Usually, the OF computes the
costs of the technology as a function of design parameters,
which are minimized by the use of an appropriate optimi-
zation algorithm. The algorithm then suggests adjustments
to formal design parameters, so that a cost-optimal design
for a specified number of gate reactors is found.

[4] In the scientific literature the P&T technology
appears to have been the main focus of algorithmic
optimization efforts for more than 2 decades. Of the
various different mathematical techniques applied (e.g.,
Atwood and Gorelick [1985] (linear programming with
response matrix); Lefkoff and Gorelick [1986] (quadratic
programming); Ratzlaff et al. [1992] (mixed-integer
programming); Culver and Shoemaker [1993] (differential
dynamic programming); Dougherty and Marryott [1991]
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Sketch of the funnel-and-gate system (FGS)

(simulated annealing); Wang and Ahlfeld [1994] (nonlinear
programming); Karatzas and Pinder [1993] and
Papadopoulou et al. [2003] (outer approximation)), heu-
ristic methods seem to have recently become more and
more popular for solving water resources optimization
problems (e.g., Zheng and Wang [1999] (tabu search);
Zheng and Wang [2002] (evolutionary algorithms with
response function); Nunes et al. [2004] (simulated anneal-
ing); Bayer and Finkel [2004] (evolution strategy and
genetic algorithm (GA)), with the manifold GA variants
being the most popular (e.g., Guan and Aral [1999]
(progressive GA); Reed et al. [2000] (simple GA); Hsiao
and Chang [2005] (combination of GA and constraint
differential dynamic programming)). Nevertheless, it seems
that PRB design problems have rarely been dealt with by
using rigorous mathematical optimization methods. Recent
mathematical work on the topic involves uncertainty and
data worth analyses of FGSs [Cirpka et al., 2004] or
analytical capture zone expressions for continuous barriers
[Craig et al., 2006].

[5] A burdensome aspect of the FGS design optimization
is that plume capture can only be achieved through the
intricate interplay between funnels and gates. It is therefore
expected to face a nonseparable optimization problem, in
which individual design parameters show a strong correla-
tion. Furthermore, considering heterogeneous aquifers in
particular, contaminant plumes are likely to be distributed
among several high-conductivity zones, which can result in
a multimodal optimization problem (i.e., more than one
local minimum existing). Similar to formulations for well
placement of P&T systems in a heterogeneous aquifer
[Zheng and Wang, 1999; Bayer and Finkel, 2004], nonlin-
earity of the FGS optimization problem is expected. Adjust-
ing funnel and/or gate dimensions may introduce a linkage
or blockage of high- or low-conductivity zones, such that
the groundwater flow is not likely to follow a linear
relationship. For example, doubling the system width may
not just double the capture zone, but also may result in shifts
and/or distortions of varying severity.

[6] The nonlinearity, nonseparability, and multimodality
of the FGS optimization problem as well as the fact that a
numerical computer model is involved in the computation
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of OF values pose a particular challenge to the optimization
task. Classical optimization techniques based on gradients
(steepest descent, conjugate gradients) or higher-order
derivatives (Newton-methods) are too computationally in-
tense and place high demands on the smoothness of the OF,
which may not be satisfiable due to the required discretiza-
tion of the numerical model.

[7] In order to find an optimal FGS design, we theoret-
ically have to deal with positions, funnel widths, and gate
widths as continuous variables (Figure 1). However, as
mentioned above, the necessary spatial discretization of
groundwater models renders these variables representable
only as discrete model cells. Hence, unless adaptive grid
refining [e.g., Bayer and Finkel, 2006b] is a standard
component of the modeling software, the search space can
only be effectively explored in discrete steps. Therefore we
face a discrete optimization problem in this case.

[8] Facing the challenges stated above, we decided to
approach the FGS design problem with variants of the
general class of evolutionary algorithms. These represent
iterative stochastic optimization algorithms, which use heu-
ristics based on biological evolution principles to guide the
search procedure: From a population of OF evaluation
points (““elders™), a subpopulation is selected according to
their fitness (i.e., OF value) to create an offspring popula-
tion by recombination and mutation (i.e., a further modifi-
cation of the selected elder points). Principally, a single new
evaluation point (“individual”) is not expected to have a
better fitness than its elders. Improvement is only achieved
by a selection from the (whole) new set of evaluation points
(“offspring™). Typically, the selection process itself is a
mere ranking of individuals by their fitness. These charac-
teristics make evolutionary algorithms very robust com-
pared with classical optimization algorithms, in terms of
handling nonsmoothness and the presence of noise. Owing
to their stochastic nature, though, convergence properties
can only be stated in a probabilistic sense.

[o] For clarification, a few technical terms are subse-
quently introduced. The individual parameters describing
the design of the FGS are called design parameters (e.g., the
width of a gate opening). Specific parameterizations of
these developed for algorithmic purposes are termed an
(optimization) problem encoding. Accordingly, the encod-
ing parameters are the OF parameters or decision variables.
One complete set of decision variable values is referred to
as an evaluation point or individual. The OF may also be
called fitness function. Each algorithm restart defines an
optimization run (OR). More specifically, this means run-
ning the algorithm with a specified population size for a set
number of generations where its initial population or start-
ing point is determined randomly based on a user-specified
seed. An algorithm is evaluated by its ability to find optimal
or near-optimal solutions (FGS designs) for a possibly small
number of OF evaluations (nfeval).

[10] The most well known variant of evolutionary algo-
rithms are probably binary-coded GAs. Operating in a
discrete search space and being regarded as a (heuristic)
global optimization procedure, these GAs appear to be an
obvious choice for the FGS design problem. Because of
their popularity and abundant use, e.g., in P&T optimiza-
tion, we will not go into much detail regarding GAs in this
study. However, a short outline of the working principles
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gate systems.

and the applied parameterization is provided further below.
We refer interested readers to Goldberg [1989] or Reed et al.
[2000].

[11] As a further option we explore a less well known
evolutionary algorithm: a real-valued (derandomized) evo-
lution strategy. Its choice was inspired by the promising
results of Yoon and Shoemaker [1999] and Bayer and Finkel
[2004] for bioremediation and P&T optimization, respec-
tively. More specifically, the evolution strategy with covari-
ance matrix adaptation (CMA-ES) [Hansen and Ostermeier,
2001; Hansen et al., 2003] is used here. An evolution
strategy, like a GA, works derivative-free. However, in
contrast to a GA, the direction of the search is based on
the sequence of selected individuals, so that an evolution
strategy is indeed following a kind of overall “gradient.”

[12] A distinctive feature of the CMA-ES is that for
every generation it updates a multidimensional normal
distribution from which the next population is sampled.
This normal distribution is given by its mean and covariance
matrix C. The latter models decision variable correlations.
From a geometric perspective, the covariance matrix can be
viewed as a hyperellipsoid whose surface defines an equal
probability density for the population. The eigenvalues of
the covariance matrix are the squared lengths of the prin-
ciple axes of the hyperellipsoid, and the eigenvectors
correspond to the principle axes [see Hansen and Ostermeier,
2001]. One general design principle of the CMA-ES is to
think of the OF locally as a convex-quadratic function fy(x) =
', x x'Hx, where the Hessian matrix H is a positive definite
matrix and superscript t denotes transpose. There exists a
close relation between H and C: Setting C = H™' on fy is
equivalent to optimizing the isotropic function fyphere(X) =
Yo x x'x = ¥, x ¥ x; (where H = I, with I being the
corresponding unit matrix) with C = I. This means that on
convex-quadratic OFs, setting the covariance matrix of the
search distribution to the inverse Hessian is equivalent to
rescaling the ellipsoid function (i.e., any of those fy intro-
duced above) into a spherical one. Consequently, it is as-
sumed that the optimal covariance matrix approximates the
inverse Hessian matrix up to a constant factor (see http://
www.bionik.tu-berlin.de/user/niko/cmatutorial.pdf, p. 7).

[13] As mentioned above the CMA-ES is a real-valued
algorithm and operates in a real-valued search space.
Naturally, this raises the question of whether the CMA-ES
is a suitable algorithm for the discrete FGS design optimi-
zation problem. A necessary condition for the applicability
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of evolution strategies in general was given by Rechenberg
[1994] and is known as the principle of strong causality:
Small changes in decision variable values should cause
small changes in the OF value. Although this is related to
the mathematical notion of continuity, this principle is
weaker in the sense that only a fitness-distance correlation
is demanded. Therefore absence of continuity does not limit
the application of the CMA-ES a priori (e.g., see applica-
tions of evolution strategies by Herdy [1991] or Cai and
Thierauf [1996]).

[14] As a partial differential equation is solved in the flow
problem, we would not initially question strong causality
for the FGS design problem. However, sources of distur-
bance arise from heterogeneous (discretized) hydraulic
conductivity fields, in particular, the strong discontinuity
of the FGS itself and the way plume capture is incorporated
in the design problem. Furthermore, we would also expect
the model discretization to be influential, at least in the
vicinity of an optimum. There the presence of a ‘local
gradient’ determines whether the optimum is detectable
for the CMA-ES or not. If the discretization is too coarse,
local minima, defined only by their nearest neighboring
evaluation points, are likely to be stepped over.

[15] This article is organized as follows. After a detailed
description of the modeling approach, the problem formu-
lation, and an outline of the applied evolutionary algo-
rithms, we first explore a simplified one-gate FGS test
case in terms of the overall shape of the fitness landscape
of the FGS design problem. For the test case, also the global
optimum is determined by complete enumeration. This
allows for a subsequent investigation of the reliability of
convergence of the evolutionary algorithms under consid-
eration toward the global optimum.

[16] In a second part, optimal four-gate FGSs are sought
for three aquifer scenarios, which are characterized by
different, heterogencous hydraulic conductivity fields. In
particular, the potential for an increase in speed of the
optimization process is investigated. Emphasis is given to
the comparison of three newly developed problem encod-
ings, that is, finding design parameterizations which are
most favorable with respect to the search principles of the
applied optimization algorithm. Finally, the obtained opti-
mal and near-optimal designs are visually inspected in order
to find mutual patterns of optimality.

2. Method
2.1. FGS Design and Cost Model

[17] Within the scope of this first study on algorithmic
FGS design optimization with individual gate and funnel
widths as decision variables, we chose a number of simpli-
fying assumptions concerning the design description and the
underlying cost model. The adaptation of the FGS design is
limited to straight FGSs [cf. Sedivy et al., 1999], meaning
that all funnel segments are positioned on a straight line. All
FGSs are modeled as fully penetrating the aquifer and as
being keyed to an underlying aquitard. Parameters identi-
fying a particular design are the overall position (usually
represented by an (X, Vpos) coordinate pair); the number of
gates n,; the individual n, gate widths w,; as well as the
ng + 1 funnel widths wy,. Figure 2 illustrates these
parameters for n, = 2.
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[18] A typical task for a practitioner involves ensuring the
minimization of project costs for a remediation technology,
and also compliance with remediation goals, for example,
plume control or aquifer decontamination. Although cost
elements for remediation technologies can be distinguished
at any level of detail, many may be site-specific. To keep to
the general aim of this study, only the basic elements of the
FGS design are included in the cost function, i.e., the funnel
segments and the gate segments. This study focuses pre-
dominantly on static plume control rather than analyzing the
long-term cleanup process. This means that valid FGS
variants are all those which (1) achieve hydraulic capture
and (2) guarantee sufficient contaminant degradation (or
retention) in the gates.

[19] The chemical processes within the in situ gate
reactors are incorporated by a specified detention time, #4,,,
which is assumed to be required in order to properly treat
the contaminants. This formulation achieves independence
from contaminant concentrations to avoid the computational
burden of advective-dispersive transport calculations.
Depending on the applied unit costs, the gate may also be
viewed as a high-permeability reactive zone, where
nutrients, oxidants, reducing agents, or microorganisms
may be added for enhanced natural attenuation. Excluding
the added substances from cost considerations, this means
that no material change is anticipated throughout project
duration, and that only capital costs have to be taken into
account. Cost elements which are not exclusively dependent
on an individual FGS design (e.g., licensing, labor), and/or
which would, in good approximation, only add the same
constant amount to the cost function (e.g., site installation
costs), are also deliberately excluded.

[20] The assumptions listed above represent a simplifica-
tion of the real system which deserves further discussion.
The consideration of contaminant type specific degradation
reactions, kinetics, and concentration distributions may lead
to different reactor requirements for different funnel and
gate combinations. However, the cost-driving outcome of a
reactor simulation would still be a required detention time.
This detention time would then no longer be constant, but
dependent on the decision variables. In contrast, one of the
intended functions of an FGS is, indeed, to “funnel” the
flow paths to a defined reactive zone in order to provide
homogenized and averaged contaminant concentrations. In
view of this, and assuming constant properties of the
reactive material, we believe neglecting the functional
dependency of the required detention time on the decision
variables can be justified for the scope of this study.

[21] The incorporation of time-dependent decisions, e.g.,
when to add nutrients, apply reactivation measures, does
require process simulations, e.g., of enhanced natural atten-
uation, reactive material deactivation, or pore clogging over
time. Accurate simulations are, if at all available, very
computationally demanding [e.g., Maier and Grathwohl,
2006] and hence prohibitive for use within this elementary
optimization study. Costs arising periodically could be
included into the cost function by a discounting factor
assuming a certain project duration and net interest rate.
However, these cost elements appear to be more essential if
a cost comparison with alternative remediation technologies
is envisioned. Here we constrain our study to the use of a
“generic” reactive zone that is parameterized only by the
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Table 1. Unit Costs for Cost Elements Used for FGS Design
Optimization and Parameters Determining the Gate Length

Parameter Value
Gravel costs Cg,q, €/m® 36
Funnel costs C, €/m> 70
Gate costs Cg, €/m? 190
1401, hOUTS 72.0
ne [ 1 0.35

cost and hydraulic properties of its filling, the cost of its
construction material, and a fixed detention time. The
required length of this simplified reactor is, however, still
a function of the assumed uniform flow through the gate
(see equations (2) and (3) below).

[22] The FGS construction is assumed to be as follows:
Funnels perpendicular (funnel widths) and parallel (gate
lengths) to the main flow direction are realized as slurry
walls. Gates are filled with filter gravel. For stabilization of
the gate openings during the filling phase, an up- and a
down-gradient sheet pile wall are installed. The unit prices
used are based on Landesumweltamt Nordrhein-Westfahlen
[1998] and listed in Table 1. The total costs (Cr) are
calculated by the following formula:

Cr=b-

ng+1 ng
Cr - <Z writ+2- lgi)
i=1 i=1
ng ng
+ 2. CG . ng,i + CGra ) Z (ng ' lgvi>:| ’
i=1 i=1

(1)

where b is the aquifer thickness, Cy is the unit price for a
funnel segment, Cs is the unit price for the sheet pile
segments at the gate openings, and Cg,,, is the unit price for
filter gravel. The appropriate reactor or gate length is
determined through the advective flow velocity, v, ;, within
the gate material and the assumed detention time ¢,,,,

lg,i = Vi * ldet (2)

and likewise can be expressed as

1. Qi + Tdet
g —

3
e b (3)
where Q; is the volumetric flow rate through gate i, . is the
effective porosity of the gravel material, and w,; is the
width of gate /. The assumed parameter values for /,
determination are presented in Table 1.

2.2. Setup of Numerical Model

[23] The general setup for the performed optimization
runs is depicted in Figure 3. A rectangular contaminated
area is outlined by particles. By setting additional bounds
on decision variables, an area for the FGS emplacement
can be defined. The designs suggested by the optimization
algorithm are then implemented into the flow model
automatically.

[24] All model runs are carried out using the U.S.
Geological Survey (USGS) groundwater flow model
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Figure 3. Illustration of the model setup with boundary

conditions and coordinate directions. The dashed line
delineates an emplacement area for the FGS. The
contaminated area is shaded gray.

MODFLOW-2000 [Harbaugh et al., 2000]. The study
exclusively covers two-dimensional flow in confined aqui-
fers. This is done mainly to save computation time. It is
clear that an unconfined aquifer would be more realistic.
However, preliminary testing of a confined versus an
unconfined two-dimensional, homogeneous aquifer with
a four-gate FGS revealed no tremendous differences in
the flow fields. The error introduced is therefore believed
to have a negligible effect on the OF in the context of this
study. Contaminant transport is simulated by forward
particle-tracking using the USGS particle-tracking code
MODPATH 4.2 [Pollock, 1994]. The volumetric flow rate
through individual gates is determined by ZONEBUDGET
2.1 [Harbaugh, 1990]. Funnel segments are modeled as
horizontal flow barriers with a low conductivity of 1.0 x
10~° m/s. The gravel filling of the gates is modeled by
assigning a conductivity of 0.01 m/s to the corresponding
grid cells. The generation of heterogeneous hydraulic
conductivity fields was carried out using the GSLIB
software package sgsim [Deutsch and Journel, 1992].
Each single conductivity realization serves as a heteroge-
neous conductivity field of a hypothetical aquifer and is
assumed to be known with certainty. The underlying random
function model assumes a variance of o7x = 1.0 for Y= InK
with a geometric mean of K., = 1.0 X 10~* m/s (repre-
sentative for a sand aquifer) and an exponential variogram
model with correlation lengths A\, = 6 m and A, = 12 m.
These properties were taken from ranges of probable char-
acteristics of moderately heterogeneous, sandy aquifers
found in the literature [e.g., Dagan, 1989; Moreno and
Tsang, 1994; Rubin, 2003]. For the ambient gradient, a
general flow direction from north to south is ensured by a
northern constant flow boundary and a southern constant
head boundary (see Figure 3 for illustration).
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[25] The two-dimensional (2-D) flow model used to
develop the test case consisted of a 200 x 200 cell grid
with a unit cell of 1.0 m x 1.0 m. For the contamination
source, a square was used with a side length of 30 m. The y-
position of the FGS was fixed, so that the latter was placed
down-gradient of the source zone by twice the width of the
source zone.

[26] For the subsequent, more extensive studies, a 2-D
model consisting of a 150 x 300 cell grid with a unit cell
size of 2.0 m x 1.0 m was used. The contamination source
is represented by a rectangle with a length of 50 m (easting)
and a width of 10 m (northing). Because of the uniform grid
discretization in both model domains, all funnel and gate
widths, as well as gate lengths, are given as (integer)
numbers of grid cells. Figure 4 provides a visual impression
of the modeled flow domain with potential lines, particles
paths, the conductivity field, and a funnel-and-gate design.

2.3. Constraint Formulation

[27] The cost formula (equation (1)) could, at least in
principle, be minimized by simply decreasing all widths and
lengths to zero. As this contradicts the remediation goals
(i.e., plume capture and detention time achievement), the
optimization goal “minimize total costs” is also subject to
constraints:

min Cr
subject to

constraint 1 : full plume capture
constraint 2 : achieve detention time.

[28] In order to examine the suitability of FGS variants to
capture the plume in the model, a potential contamination
source is outlined by particles. The particles’ path lines are
then determined and used to discern whether a particle
would be captured by gates or not. FGS designs that do
not capture all particles are termed invalid, whereas all valid
designs capture the total amount of particles starting from
the contamination source outline. This approach adopts the
advective control strategy for the P&T technology of
Mulligan and Ahlfeld [1999], which was regarded to be a
very general approach, as it does not set any preconditions
for the flow field or the optimal control solution [Bayer and
Finkel, 2004].

[29] Constraint 1. Mathematically, the plume capture
constraint can be directly incorporated into the OF as a
multiplicative penalty term, which depends on the ratio of
missed particles and the total number of particles. This ratio
serves as a measure for the distance of an invalid solution to
the valid solution space. The use of a distance measure is a
typical ingredient for penalty term formulations [e.g., Smith
and Coit, 1997]. In the following we use a formulation
similar to that of Bayer and Finkel [2004] with a multipli-
cative exponential penalty term:

P (ncap7 npart) =p ! ’ (4)

with n.4, € ]0, n,,-] being the number of captured particles
out of a total of n,,, particles. ®(0, n,,,) is defined as
“infinity.” The parameters p, ¢, €,p>1,¢>0,and 0 <r <1
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Figure 4. Illustration of an (optimal) FGS design in the template aquifer. The conductivity field is

shown in gray scale (—log;o (K [m/s])). Particle paths are shown in black and equipotential lines of
hydraulic head are shown in white. Please note the different scaling of x- and y-axes.

are user-defined. These parameters were adapted in
initial trial runs by ensuring a penalty high enough that
invalid solutions are no longer found to be cost-optimal.
The above penalty term differs from the formulation used
by Bayer and Finkel [2004] by using n,,,, over n,, rather
than vice versa. The formulation of equation (4) was led
primarily by the idea of creating a steep gradient toward the
valid solution space for very distant invalid solutions and a
more smooth transition closer to the invalid/valid boundary
(compare with properties of f(x) = (1/x) — 1 for 0 <x < 1).
The penalty term parameter 7 results in a negative curvature
of ®(neap, Mpare) close to the invalid/valid boundary and
allows for a step-like rise of the penalization for the “last
missed particle.” As both evolutionary algorithms only
process information based on fitness value ranking, rather
than the exact values (or their differences), the algorithms’
sensitivity to the particular penalty term formulation is
believed to be relatively small if the penalty creates a fitness
landscape that is indeed increasing overall, with increasing
distance from the valid solution space. The findings
reported by Bayer and Finkel [2004] for P&T optimization
support this conclusion. However, we mention here the
caveat that the number of captured particles is not linearly
related to the true distance from the valid solution space,
i.e., nonlinearity is introduced by a penalty term that is
based on the amount of captured or missed particles as a
distance measure.

[30] The behavior of ®(n.4p, npa) for ne,, — 0 requires
choosing the initial search space reasonably, so that the

search does not retrieve a large number of points with
“infinity” as their OF value. Yet this does not conflict with
the aims of the FGS designer, as one tries to initially restrict
the search space to exclude extremely unpromising regions.

[31] Constraint 2. The achievement of the required
detention time is incorporated into the OF by computing a
prognosticated gate length based on the given throughputs,
QO;. The latter are obtained from the model runs using a
constant gate length (in flow direction) of four model cells.
Alternatively, the gate length could be made a decision
variable in the optimization process. This is because in a
heterogeneous aquifer, the gate length may indeed influence
0O;, for example, through linkage of high-conductivity
zones. The constraint of sufficient detention time would
then have to be handled independently from plume capture,
possibly by a further penalty term. As a compromise, to
keep the problem dimensionality low, the required gate
length is, in the presented formulation, only driven by Q,,
which, in turn, is a function of gate and funnel widths and is
barely influenced by the gate length itself.

[32] Ultimately, the OF (compare to the formulation in
the first paragraph of this section) of the optimization
problem is reformulated (without gate lengths as decision
variables) as follows:

min OF

with OF = & - CT(xpos,ypos,wgyl, e Wen s W - ..wfy,,gﬁ_l),

(5)
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where upper and/or lower bounds may also be given for
each decision variable. Being independent of a model run
outcome, such constraints are incorporated a priori by
limiting the search space for each decision variable, e.g.,

xpos € [xpos,mins xpos,max]~
2.4. Optimization Algorithms

2.4.1. Simple GA

[33] A simple genetic algorithm encodes decision vari-
able values as 0-1 binary strings or chromosomes. As we are
dealing with integer numbers in the FGS design problem
stated above, no precision loss arises from the binary
encoding and the application of a (simple GA) seems
favorable. Following, we provide a short outline of the
GA variant used.

[34] The GA uses a population of fixed size (pop) of
binary string individuals, which is initialized randomly. An
optimal solution is determined by a generation-wise appli-
cation of the successive operations (1) selection, (2) cross-
over, and (3) mutation. For operation 1 we use tournament
selection, where only the fittest individual from a randomly
selected group of strings from the current population are
allowed to enter the mating pool. According to the recom-
mendation by Lobo [2000], a tournament size of 4 was
chosen. Among the members in the mating pool the
crossover operation performs a coupling of individuals with
fixed crossover probability p.. In the presented study,
uniform crossover with p, set to 0.5 is used, as recommen-
ded by Bdck et al. [2000]. Hereby, all corresponding bits of
two randomly selected mating pool members are swapped
with probability p. to produce offspring individuals (pop in
total). Finally, mutation is performed on the offspring by
flipping the individual bits with a fixed probability of p,, =
1/pop. Bounds on decision variable ranges are ensured by
discarding invalid binary strings and repeating the genera-
tion process. Regarding the population size, we apply the
strategy of Reed et al. [2000], who suggest that the lower
bound on the starting population size should be approxi-
mately 1.4L, where L is the string length of the binary
representation of the search space. Depending on the
success of the previous population size, pop is further
increased until the performance is no longer significantly
improved.

24.2. CMA-ES

[35] The CMA-ES operates on continuous decision var-
iables and differs from typical evolution strategies because
of the adaptation of a covariance matrix. A short but
mathematically precise formulation of the algorithm is
given in Appendix A. For an excellent introduction to
(nearly) all algorithmic details, the reader is referred to
Hansen [1998], Hansen and Ostermeier [2001], and
Hansen et al. [2003].

[36] In the subsequent description, the parameter N
expresses the problem dimension, i.e., the number of
decision variables to optimize. The (i, A\)-CMA-ES uses
information from a population of A individuals (evaluation
points) and chooses the p,, fittest individuals for property
heritage. All A individuals are drawn randomly from an N-
dimensional normal distribution, whose initial mean and
initial covariance matrix may be defined by the user. The
selection via ranking by fitness determines the g, fittest
individuals. These are recombined by building a weighted
average, i.e., a weighted linear combination of the selected
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ltw N-dimensional vectors. This recombined vector repre-
sents the new mean of the normal distribution for the next
offspring generation. An evolution path is represented by
the vector sum of a few consecutive weighted mean vectors,
which the search process realized over a certain number of
generations. The covariance matrix and a global (scalar)
step-size are adapted according to the evolution path. The
global step-size is used to realize competitive change rates
on a time horizon proportional to N or shorter, since the
learning rate via adaptation of the covariance matrix is
rather slow, especially for small population sizes. The
covariance matrix is adapted to adjust individual step-sizes
and directions through dilations and rotations of the princi-
pal axes of the contours of equal probability density. By
reorientation of these principal axes, correlations between
coordinate axes can be accounted for within the search. This
means that the algorithm reliably adapts to any general
linear transformation (dilation and/or rotation) of the search
space. It therefore works independent of the given coordi-
nate system. This makes the CMA-ES eligible for non-
separable problems. The adaptation of the global step-size is
carried out by comparing the vector sum of the realized
steps over a few generations (cumulation of selection
information), with the vector sum of the expected steps
under random selection. Step sizes are enlarged if the
realized evolution path is larger than the expected one,
and reduced otherwise.

[37] The handling of a discrete step-function is incorpo-
rated by setting a CMA-ES minimum (individual) step size
o, for each decision variable. According to the recommen-
dation by Hansen [1998], it is set to

m;
o; > , 6
' \/Nim ( )
where m; is the discretization in coordinate i and N, is the
number of problem dimensions that have to be limited
(within this study, N = N;y).

3. Test Case

[38] In order to gain insight into the local topology of the
OF, a hypothetical test case with a single gate FGS was
created. With a fixed y-position, this simple FGS parame-
terization already requires a four-dimensional decision
space (position in x-direction (easting in Figure 4), one gate
width and two funnel widths). The advantage of exploring
such a test case is that the optimum can be found with
certainty by complete enumeration of all decision variable
combinations. This allows one to test the overall capability
of the optimization algorithm to identify the optimum.
Furthermore, the structure of the fitness landscape itself
may be studied.

[39] A heterogeneous conductivity realization was used
for the conductivity field with geostatistical parameters as
defined above. A preliminary optimization run was com-
pleted, and the decision variables were systematically
changed around this “optimum” setting (incrementing and
decrementing each decision variable cell-wise up to a
maximum of seven cells from the “optimum” setting).
The full enumeration of all decision variable combinations
needed 15% = 50,625 model runs to generate the test set. For
each decision variable setting, the number of captured
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3.1.1. Cost Surface and the Invalid/Valid
Solution Space

[41] In a homogeneous aquifer, one would expect Q to be
essentially independent from the FGS x-position (except
close to the model boundaries) and follow a roughly linear
trend with increasing funnel or gate width. The test case
proves that this is not true in a heterogeneous aquifer.

[42] For visualization matters, we restrict the presentation
of results to the functional relationship of funnel widths wy,
and wy, (with x,,,; and wy set to the global optimum values)
and the respective output parameters (O, 7.y, Cp fitness).
These relationships appear to depict the most important
features sufficiently. Figure 5a shows the QO distribution
within the test set as a function of wy; and wy,. The rather
explicit nonlinearity stems from the heterogeneous conduc-
tivity field, which inhibits or promotes flow through the
gate according to the gate’s position. Please note that by
increasing wy, the gate position is also shifted, whereas wy»
can be changed without influencing the gate position.

[43] The contours delineating the percentage of captured
particles (ncqp/Mpars) in the wei—wy, plane are shown in
Figure 6b (lain over the stippled Q contours of Figure 5a).

—y
[es]

.
~

left funnel width, W [m]
>

10

44 46 48 50 52 54 56
right funnel width,wf2 [m]

Figure 5. (a) Q distribution of the test case as a function of
wy and wp. Q is given in L/s. (b) Particle capture
distribution (solid 7.,,/n,4 contours in percent). O contours
are shown stippled with the values given in Figure Sa.
Please note that the 100% capture contour line only
comprises two w;; — wp combinations {(18, 56), (18, 57)}
and therefore forms a line rather than a contour.

particles, 1., and the total volumetric flow rate through the
gate, O, were recorded. A global optimum was found by
exhaustive search for the OF (equation (5)) at evaluation
point (x,,s = 63, w, = 8, wy; = 18, wy, = 56). For the test
case, X,,, marks the western tip of the FGS, so that, by
incrementing Xpo0s» the whole FGS is shifted eastward.

3.1. Results of Test Case

[40] A primary examination of the test case is performed
by visualizing the more general functional dependency of
the model output parameters (the number of particles
captured, 7.4, and the flow rate through the gate, O) on
the decision variables. Both model output parameters are
incorporated in the OF by equations (1), (3), (4), and (5).
How significantly they contribute to the fitness landscape
will be dependent on the implicit weighting given in the
penalty terms and/or unit prices, respectively.

a)
22

- n
[ee] o

left funnel width, Wy [m]
>

44 46 48 50 52 54 56
right funnel width,

left funnel width, Wy [m]

44 46 48 50 52 54 56
right funnel width, W, [m]

Figure 6. Cost surface as a function of wy; and wy, for the
(a) inexpensive and (b) expensive gate reactor with particle
distribution (stippled).
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w,, [ml w, [m]

Figure 7. (a) Fitness landscape around the global
optimum of the test case. (b) Fitness landscape with w,
incremented by two cells. (c) Fitness landscape with x,,,,

incremented by two cells.

Even though far from matching, both contours seem to
follow the same general trend. Another remarkable feature
is that, for example, for a fixed wy = 14, negp/npq, is above
75 for wey = 12, but negp/npe, is below 75 if wy, is
incremented from 12 to 14. This means that even though
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neither width (wy;, w,) nor position of the first funnel (x,,s)
or the gate (x,,; + Wi + 1) are changed, an overly large
second funnel may also worsen the overall performance.
Visual inspection of such cases found that the overly large
second funnel raised the ratio of Q coming from the eastern
part of the aquifer, and caused a decrease in particle capture
on the side of the western funnel. This finding may be
considered a clue to the hypothesis that correlation between
decision variables is inherent to the problem.

[44] The final fitness landscape is shaped by the trans-
formation through the cost computation. The OF would be
essentially linear if the gate length /, was constant. Since /,
is calculated as a function of O, nonlinearity enters the cost
function through the Q distribution (Figure 5a). Whether or
not this nonlinearity becomes a dominant feature depends
on the assigned weighting of /, through the different unit
costs. Figure 6a shows the computed costs (solid contours)
along with stippled #1.4,/1,4,, contours. In the cost function
predominantly used in this study, the gate reactor is a rather
inexpensive one (see Table 1). Most of the irregularity due
to the Q distribution is smoothed out, as the cost contours
seem to follow a roughly linear trend. It can also be inferred
that the n.,/n,q. distribution will cause most of the
“roughness” of the fitness landscape through the penalty
term. Yet we can expect that more expensive reactor types
exist. For illustration purposes (see Figure 6b), the price of
the reactor filling was raised to 900 €/m’, which is an
approximate unit cost for a zero-valent iron reactor [e.g.,
Biirger et al., 2003a]. Here the cost contours seem to mimic
those of the Q distribution (see Figure 5a), creating a more
complex cost surface.

3.1.2. Fitness Landscape

[45] In order to examine the variability of the final fitness
landscape (i.e., the penalized cost function) more closely,
Figure 7 shows a three-dimensional plot of the fitness
function of the test case (for reference cost parameters,
see Table 1). Please note that the z-axis is log,-transformed,
so that the deceptive “plateau” does, in fact, exhibit several
undulations (local minima). The most prominent feature is a
rugged ridge at an oblique angle to the coordinate axes,
which is transforming into a valley, where the optimum is
located. The task for the optimization algorithms is there-
fore to locate this valley and to follow it along its axis
(obliquely to the coordinate axes). Unfortunately, this valley
not only is dependent on wy; and wy,, but also extends into
the two other dimensions, x,,, and w,, which were previ-
ously held constant. A variation in x,,, is expected to shift
an otherwise feasible FGS design into unfeasible regions
and vice versa. A variation in wy, shifts the right funnel and
is also expected to increase the volumetric flow rate through
the gate. Therefore it should raise costs but should also
influence the penalty. In order to gain a visual impression of
these changes, Figure 8b and Figure 8c are depicted, in
which both, x,,, and w,, are incremented by two cells.

[46] An increase in gate width (Figure 7b) seems to widen
the valley, but at the same time the valley is shifted toward a
lower wy;. From the actual numbers in the data set, it is also
evident that a wider gate shifts the cost surface upward. A
change in position, as expected, shifts the valley, but the
valley itself also transforms, as can be seen in Figure 7c
(due to the irregular n.,,/n,,, and Q distributions).
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Figure 8. Cumulative frequency distributions for the simple GA (U x pop = 100) and the CMA-ES for
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the test case: (a) inexpensive gate reactor and (b) expensive gate reactor.

[47] To sum up the findings from the test case analysis,
the OF used exhibits correlations in all four object param-
eters (in this encoding) and does have some local minima.
In terms of the existence of local gradients, the fitness
landscape might be attributed to an occasional ruggedness
(ridge), but the overall appearance seems to exhibit a notion
of continuity rather than randomly arranged fitness peaks

3.2. Optimization Runs for the Test Case

W08426

and/or holes. This is taken as evidence of the validity of the
strong causality assumption.

[48] One hundred independent optimization runs (ORs)
where performed (npr = 100) to optimize the one-gate FGS
of the test case with the simple GA of varying population

size and the CMA-ES. The starting population size for the
GA was determined as 1.4L =~ 25 (with L = 16 = four
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Figure 9. Comparison of median optimization runs for simple GAs with varying population sizes and
the CMA-ES: (left) inexpensive gate reactor and (right) expensive gate reactor.

decision variables times four encoding bits per decision
variable). The starting points for CMA-ES runs where
chosen randomly throughout the search space. The maxi-
mum number of OF evaluations (i.e., groundwater model
calls) was set to 2000.

[49] Theresults of these ORs are presented in Figures 8 and
9 Because of the stochastic nature of both algorithms, the
obtained best fitness values for a certain nfeval may be
interpreted statistically over the number of algorithm restarts
(nor)- Following the approach of Bayer and Finkel [2004,
2006b], cumulative frequency distributions are constructed,
which assign a probability P as a function of nfeval to a
certain fitness, fy, according to the frequency of obtaining this
value (or a lower one) over all npp:

P = Prob(OF(nfeval) < fy). (7)

[s0] Algorithm performance may also be measured by the
smallest fitness value reached on average for a specified
nfeval. In this study we use percentiles rather than moments
(e.g., median rather than mean) for distribution definition, in
order to be less dependent on the individual fitness values.
Furthermore, we normalize all fitness values by the global
optimum.

[51] Figure 8a depicts the algorithms’ performance for the
test case. For the GA the best results obtained with pop =
100 are shown (pops up to 200 did not result in significant
improvements). Both algorithms succeed in locating the
global optimum within less than 500 nfeval up to the 2nd
percentile of all ORs. Furthermore, 90% of all ORs resulted
in fitness values better than within 12% of the global
optimum. However, there is a clear difference regarding
the robustness and success probability between the applied
GA and the CMA-ES. The GA percentile curves level off at

around 700 nfeval and show little progress toward the
global optimum. In case of the CMA-ES, on the other hand,
the performance distribution shows a clear trend toward the
global optimum. At maximum nfeval, 70% of all ORs have
successfully located the global optimum of the test case.

[52] As stated above, the contribution of the volumetric
flow rate through the gate to the fitness landscape undergoes
weighting by the reactor costs. Figure 8b shows the results
for a second optimization study regarding the GA and
CMA-ES on the test set with the increased reactor costs.
The results of these ORs show that a higher weighting of the
(heterogeneously distributed) volumetric flow rate seems to
create a more complex problem, as the number of identified
global optima decreased (GA, 10 versus 6; CMA-ES, 70
versus 43). Furthermore, the distribution of the CMA-ES
also shows a leveling off in the median and the 90th
percentile. Yet in comparison with the GA, the CMA-ES
generally seems to more robustly locate the global optimum,
and with a smaller nfeval in the best OR.

[53] In a more direct comparison, Figure 9 shows the
median performance of the GA (pop = 50, 100) and the
CMA-ES for the inexpensive and the expensive reactor
cases. The median performance should be the most reliable,
since the stochastic nature of both algorithms could always
allow for a particularly bad or good OR. As can be seen in
Figure 9, the GA may, indeed, locate relatively good fitness
values, very efficiently, within only a few nfeval (expensive
reactor case). However, compared with the CMA-ES it
seems to stagnate at considerably less optimal fitness
values. The larger population size does improve the GA
performance; however, the leveling-off appears to be char-
acteristic. In view of these findings, we focus exclusively on
the application of the CMA-ES in the second part of this
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Figure 10. Illustration of (a) string, (b) middle segment
(MSE), and (c) tree encoding for n, = 2. For tree encoding,
individual segment widths (wy; and w, ;) are represented by
a hierarchical partitioning of w,,; via the ratios ;.

article, where a more complex FGS design problem is
defined.

4. Problem Encoding

[s4] In general, problem encoding is a tricky task in
optimization. The following section introduces three differ-
ent types of encodings that were specifically developed for
the purpose of algorithmic FGS design optimization. From
an optimization perspective, it is favorable to have as few
decision variable correlations as possible. In other words,
the problem then becomes “more separable.” Additionally,
it is favorable for the sensitivity of the fitness, regarding a
decision variable, to be the same (at least locally) for all
decision variables (i.e., no mis-scaled coordinate axes). It is
therefore advisable to seek a problem encoding which
comes close to these objectives. Subsequently, three differ-
ent encoding procedures are presented for comparison.

[55] Principally, it would have been useful to let the
optimization algorithm choose the ideal number of gates,
problem-dependent. In this study the number of gates n, is
not used as a decision variable, but is defined a priori. The
parameter 1, determines the problem dimension: N = 2 X
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ng + 3 (without considering gate lengths). If n, were a
decision variable, then the search would have to degenerate
into a subspace of the original search space in order to find
an optimal solution with an n, lower than an arbitrary
maximum specified. Thereby, some decision variables have
to be made ineffective, for example, by setting them to
exactly zero. It was therefore assumed that it would be more
efficient to optimize for each n, individually. This kind of
problem decomposition concurs with findings reported by
Zheng and Wang [1999] for P&T optimization with varying
numbers of wells.

[s6] Hereinafter, funnel and gate widths (opposed to gate
flow-through lengths) are referred to as FGS segments.
Theoretically, optimization parameters could represent
FGS segment position coordinates and/or dimensions
(widths). The problematic feature of the modeled straight
FGSs is that funnel tips represent gate beginnings and vice
versa. If more than one segment position is a decision
variable, the decision variable values must have the same
linear order as the segments they represent. For example,
the funnel east of the gate in Figure 3 must not have an
assigned x-position that is west of the tip-position of the
gate. This implies that positions would have to be chosen
from mutually exclusive intervals that maintain the given
segment order. Generally, however, this means a drastic
predefinition of the obtainable optimal solutions. In prac-
tice, such an encoding may only be useful for a single gate
FGS (n, = 1).

[57] Using only one position, e.g., the starting position
of the westernmost funnel (subsequently referred to as x,,
as in the test case), and modeling the FGS design via its
segment dimensions is a way to maintain solution flexi-
bility. However, most decision variables will be correlated.
For example, if the starting position of the first funnel,
X5, 18 fixed and its width wy, is increased by n grid cells,
all following adjacent segments will also be shifted in
position by n grid cells. This shift in position is undesir-
able as, in order to simply shrink a reasonably positioned
system, nearly all decision variables have to be changed
consistently.

[s8] A relatively simple remedy is to assign x,,, to the
center of the FGS (c,,,) and to build the FGS around it (as
depicted in Figure 10a). With this encoding, at least the
overall position of the FGS is independent of other object
parameter changes. The starting position (westernmost grid
cell representing the segment) of the ith gate segment, w5,
can then be calculated by

i 1 i i
Wg,‘:‘; = Cpos — \‘E : WtorJ + Zk:l Wf k + Zj:2 Wgj—15 (8)

where i = 1,.. .,ng and |x] denote the floor function (i.e., it
returns the greatest integer smaller or equal x € R). The
starting position of the ith funnel segment, wﬁgs, is given by

. 1 i
Wpfgls = Cpos — \‘5 . WtotJ + Zk=2 (Wg,k—l + Wf.,k—l)v (9)
withi=1,...,n, + 1. The total FGS width, w,,,, is defined as

Wior = Wf.,ng-f—l + 2:1;1 (Wg,i + Wf,i)- (10)
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Owing to the fact that all segment positions are defined by
concatenation of widths, this type of problem encoding is
termed “‘string encoding.” A principle advantage of this
encoding is that a minimum step-size can be easily and
individually assigned to each decision variable in order to
deal with the model discretization. However, apart from the
still critical correlations among the decision variables, a
practical problem with string encoding is that in order to
allow a large number of possible FGS designs, the limiting
ranges on individual funnel widths and gate widths have to
be relatively large. Hence it may not be possible to restrict
FGS locations to a specified (rectangular) area and at the
same time maintain maximum solution flexibility. If such
further restriction is desired, either an additional penalty
term has to be introduced or a different problem encoding
has to be used.

[s9] As a second variant, the so-called “tree encoding”
was developed (Figure 10c). The FGS is parameterized by
its center position ¢, and its total system width w,,,. Apart
from the y-position, y,,, all other decision variables repre-
sent ratios ; € 10, 1[, which partition w,,, in a hierarchical
way (a binary tree). For example, ratio 7| splits w,,, in two
parts according to r; X wy, and (1 — r;) X w,,, which are
then individually subdivided by r, or r3, respectively. The
height of the tree 4, or number of tree levels is given by the
number of FGS segments, which are ultimately a function
of ng > 0.

hy =1+ |log, (ng) ], (11)
with | -] denoting the floor function (as defined above).

[60] As visualized in Figure 10c, an adjustment of the
parameters 74 and/or r; does not have an influence on the
position of wy,, nor does an adjustment of one of these
ratios influence the design settings of the other parameters.
Even though this problem encoding is (owing to the
hierarchical tree structure) still far from free of decision
variable correlations, it provides an increasing number of
independently adjustable parameters as n, increases. It is
therefore expected to be an advantageous encoding, espe-
cially for multigate FGS.

[61] Tree encoding also allows the replacement of the
center position ¢, and total FGS width w,,, by a starting
position x,, and an ending position x,,, (the total width, w,,,
is given by X,,; — Xz + 1). Then, both positions could be
chosen from two mutually exclusive intervals, [Xg min
xst,max] and [xend,mins xend,max]a such that Xend,min —
Xgmax T 1 represents the minimum total system width,
Wrormin. Hence a space constraint (given by a rectangular
area within which the FGS has to be placed) could be easily
enforced by adjusting Xy min and X.,szmax, accordingly.
However, this tree encoding variant reduces the solution
flexibility, as the interval from Xy max 10 Xengmin Will be a
part of every FGS design that could be suggested by an
optimization algorithm. Thus, and for the sake of better
comparability with the other encodings, this latter variant
was discarded and only the encoding via c,,, and w,,, was
used in this study.

[62] A principal hindrance for tree encoding stems from
the discrete nature of the flow model realization of the
individual widths. Theoretically, a minimum increment for
the ratios 7; has to be set to avoid evaluation points being set
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too closely, as these would all obtain the same fitness. For
example, if a hundred grid cells were to be split into two
parts, only ratios differing in at least 1/100 could ensure
different splits. The problem that arises becomes clear when
looking at the next tree level. If these hundred cells were
split according to » = 30/100, the minimum increment for
ratios on the next tree level would be 1/30 on the left branch
and 1/70 on the right branch. Because of the tree structure,
the minimum increment for »; on higher tree levels is
dependent on the actual realized partition on the lower tree
levels. This means that no a priori limits can be given. It
follows that tree encoding could lead to problems when
used with the CMA-ES on a discrete problem. Yet, because
of the stochastic nature of the optimization algorithm and
the fact that a whole population of individuals is used for
selection, the minimum increment problem does not limit
the practical application of this method. An error only
occurs if all fitness values in one population are the same.
At least in the ORs performed for this study, a large enough
diversity could be ensured within the populations by choos-
ing 0.01 as the minimum ratio increment. If individual
segments could be represented by the flow model as real
values (e.g., by adaptive grid refinement), this disadvantage
of tree encoding would be eliminated immediately.

[63] The third method of encoding developed for this
study is “middle segment encoding”™ (MSE; see Figure 5b).
It is almost identical to string encoding, but rather than x,,
representing the center of the FGS, it is assigned to the
center of the middle segment (71,,,,). The middle segment is
a gate if ng is odd, and a funnel if n, is even. In contrast to
string encoding, MSE allows the two outermost funnel
widths to be adjusted without shifting any other segments.
The advantage of decoupling the overall position of the
FGS from individual decision variable changes is only
partly lost, since the middle segment is somewhat expected
to be representative for the center of the FGS in most design
settings. Apart from that, this encoding suffers from the
same practical problems as string encoding, but shares the
advantage of a priori specifiable minimum step-sizes.

[¢4] For simplicity, let n, be even. Then the index of the
middle funnel, id,; is given as [}h(ng + 1)], with [x]
denoting the ceiling function (i.e., it returns the smallest
integer greater or equal x € R). The starting position of the
ith (i = 1,...,n,) gate segment, wy,, is defined by

i
W= Mpog —

1 idyr—1
po 5 Wi | T 2 ke (Wra +wek)

+ Z;:l Wf.,k + Z;ZZ Wg,j—l

and similarly the starting position of the ith (i =1,.. ,ng + 1)
funnel, w}-,f;,’sz

(12)

ij . 1 idy—1
pos — Mpos — E “ Wiy | T f—1

+ Zi:z (Wrk +wek)-

4.1. Comparison of Three Different Problem
Encodings

(Wrk +wek)

[65] The inspection of the test case revealed initial
insights into the complexity of the fitness landscapes and
the capabilities of the optimization algorithms. However,
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Figure 11. Cumulative frequency distributions for the

Gauss] case: (a) string encoding, (b) tree encoding, and
(¢) MSE encoding. The minimum fitness is shown as a
stippled contour. Dashed contours represent the 10th and 90th
percentile, and solid contours represent the median values.

the test case covered a relatively small search space com-
pared with the demands of a more realistic optimization
scenario, and only the minimum number of decision vari-
ables was used. As previous studies recommend the use of
multigate FGS designs to improve hydraulic efficiency
[Starr and Cherry, 1994; Biirger et al., 2003b; Biirger
and Finkel, 2005], the optimization procedure was tested
on four-gate FGS designs. In addition, the search space was
significantly increased. The overall problem complexity
was also raised, as a four-gate FGS has a problem dimen-
sion of N = 11. The resulting search space is no longer
searchable by complete enumeration in a reasonable amount
of computational time. It follows that the true global
optimum is not known with certainty, and only the best
solution found can be used as a reference point for near-
optimal solutions.

[66] In the following, the speed-up potential of the three
problem encodings introduced above is investigated for
three different heterogeneous aquifer realizations (Gaussl
to Gauss3, Kipean = 107* m/s, 0%igr = 1.0, A, = 6 m,
Ay = 12 m, rectangular contamination source area as stated
above). The highest speed-up effect is expected for a
reduction of decision variable correlations, which have to
be learned by the CMA-ES as the search proceeds.

[67] It seems logical for an objective comparison, that
both the size of the (discrete) search spaces (i.e., the number
of different decision variable combinations) and the set of
different implementable FGS designs should be the same
for each encoding. However, this can not be ensured in this
study, due to the peculiarities of the encodings. For instance,
using tree encoding, the total system width can be set by a
single decision variable, whereas for the other encodings, it
is the sum of all segment width parameters. The latter have
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to be bounded to ensure a maximum total width; however,
for tree encoding bounds on the individual ratios cannot be
given. Therefore tree encoding will always allow for indi-
vidual funnel widths larger than the specified upper bound
for the other two encodings (unless the total system width is
set to that bound; this, however, makes no sense).

[68] The bound constraints given below represent a
compromise which follows the reasoning that at least the
designs of a larger vicinity of the expected optimal region
should be equally explorable or implementable by the
different encodings. This is enforced through bounds on
tree encoding that generate a search space that is larger than
those of string encoding and MSE. However, only un-
usually large designs, which are not expected to belong to
the region of optimal solutions, make up for the extension
of the tree encoding search space. It is therefore expected
that the overall search progress is not dramatically influ-
enced by the lower solution flexibility of string and MSE
encoding for the regions of unusually large designs.The
bound constraints on the individual decision variables are
the following:

String encoding

(Cpos € [45,100], yp05 € [151,185],wg; € [1,5],wr; € [1,30])
Tree encoding

(cpos € [45,100], ypos € [151,185], wior € [9,170], 77 € |0, 1])

MSE
(ml)m‘ € [457 100].,)/,,05 € [1517 ]85]7Wg~i € [175}7"‘}./31' € [1730])'

[69] In addition, other intricacies surface for an objective
comparison. Theoretically, one could use the same starting
point (i.e., a decision variable combination representing the
same FGS design) for all encodings. Then several optimi-
zation runs are evaluated in terms of the obtained minimum
fitness and with respect to the number of times this value
was found. Quite naturally, the same FGS design is repre-
sented by different points within the search space for the
different encodings. This also means, though, that the initial
covariance matrix cannot be chosen in such a way that the
initial distribution covers the same range of FGS designs. It
was therefore considered to be better to use randomly
selected starting points.

[70] The actual optimization runs were carried out within
an 11-dimensional search cube of edge length 1 ([0, 1]'"),
into which the original search spaces were linearly transformed.
This makes “half” the unity matrix, I (of size 11 x 11),
the most reasonable choice for the initial covariance matrix
(setto 0.5 x I) (N. Hansen, personal communication, 2004).
The starting point (mean) of the initial distribution of the
CMA-ES was decision variable-wise randomly selected
from the [0, 1]-interval. The maximum nfeval was set to
4000 for each run and the number of optimization runs, nop,
was set to 30.

[71] Cumulative frequency distributions, as defined for
the test case, are also used for the comparison of the
encodings. For realization Gaussl, they are shown in
Figure 11. The best solution was identified with tree
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Figure 12. Cumulative frequency distributions for the
Gauss2 case: (a) string encoding, (b) tree encoding, and
(¢) MSE encoding. The minimum fitness is shown as a
stippled contour. Dashed contours represent the 10th and 90th
percentile, and solid contours represent the median values.

encoding. Up to nfevals of 2000 tree encoding yields
smaller median fitness values than both other encodings.
It is also better in the 10th percentile up to 3500 nfeval. A
dominant feature of the tree encoding curves is, however,
the loss of progress around 2000 nfeval. The curves hardly
seem to improve, except for the minimum curve. Quite to
the contrary, string encoding and MSE both show contin-
uously improving fitness values in all parameters. The
ranges between the 10th and the 90th percentile are also
much smaller for string encoding and MSE than for tree
encoding.

[72] For realization Gauss2, the best solution was identi-
fied with both string encoding and MSE (Figure 12). Tree
encoding, again, yields smaller median fitness values than
both other encodings up to nfevals of 2500. Similar to
Gaussl, it performs better in the 10th percentile up to
3000 nfeval. While tree encoding again shows a loss of
progress around 1500 nfeval, string encoding and MSE yield
continuously improving fitness values and eventually reach
better values in all percentiles above nfeval = 3000. The
ranges between the 10th and the 90th percentile are again
smaller for string encoding and MSE than for tree encoding.
In fact, MSE has the smallest range of all.

[73] For Gauss3 the best solution was most often identi-
fied with tree encoding (Figure 13). Compared with the
other two cases, it seems that Gauss3 is a rather difficult
case for optimization. Tree encoding shows the best perfor-
mance up to nfevals of 1500 in the median. In the
10th percentile, it is superior up to around 2700 nfeval.
Again, though, the loss of progress is quite noticeable, and
the 90th percentile is far off, compared with the other two
encodings. Accordingly, the two other encodings perform
better for higher nfeval. The ranges between the 10th and

BURGER ET AL.: ALGORITHMIC FUNNEL-AND-GATE SYSTEM

W08426

the 90th percentile are comparable for both string encoding
and MSE.

[74] As a summary of results, one can state that tree
encoding provided the fastest improvement in fitness values
at the beginning of the search but suffers from a loss of
progress as the optimization reaches a certain state of
maturity. We interpret these findings as follows. The high
level of progress of tree encoding at the beginning of the
search shows that the higher number of independently
adjustable decision variables does in fact speed up the
search process. This is especially the case as tree encoding
also covers a larger search space. The loss of progress is
most likely related to the problem of a priori minimum step-
sizes. The preselected minimum step size of 0.01 is likely to
be too small for higher tree levels once fine tuning becomes
necessary. At present, there is no real remedy for this
problem, unless the model grid could be made adaptive so
that real valued segment widths could be represented
(minimum step-sizes become unnecessary). A practical
approach for future research would be to choose tree-
level-dependent minimum step-sizes (e.g., the higher the
level, the larger the minimum step-size). This, however,
would require preliminary optimization runs, or a good
guess of the range of the segment widths within the
optimum region. A further grid refinement does not elim-
inate the theoretical problem, but is expected to postpone
the loss of progress to practically irrelevant step-sizes.
However, it would also increase the cost of the required
computation time for a single model run.

[75] For string encoding and MSE, the courses of the
distribution curves suggest that the adaptation of the
CMA-ES will further continue for nfeval > 4000 for most
ORs. On one hand, this shows the slower convergence of
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Figure 13. Cumulative frequency distributions for the
Gauss3 case: (a) string encoding, (b) tree encoding, and
(¢) MSE encoding. The minimum fitness is shown as a
stippled contour. Dashed contours represent the 10th and 90th
percentile, and solid contours represent the median values.
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Figure 14. Ten best designs found for Gaussl: (a) fitness
and (b) FGS designs and x-position. (The x-position of the
source zone is indicated by the two vertical dashed lines.)
Please note that only the x-direction is scaled. (c) Distance
between FGS and source zone.

these encodings compared with tree encoding. On the other
hand, they are likely to result in more robust searches,
considering the consequent decrease in distribution widths
(range between the 10th and 90th percentile).

4.2. Discussion of Obtained Optimal and Near-Optimal
Solutions

[76] As mentioned above, a practical interest led to the
investigation of near-optimal solutions. For this purpose, the
10 best designs obtained from either of the encoding
optimization runs were visually inspected for realizations
Gaussl, Gauss2, and Gauss3, and are shown in Figures 14
to 16.

[77] For Gaussl it is relatively obvious that a large central
barrier surrounded by closely spaced gates appears as a
general pattern. Even though the distances between the
fixed source zone and the FGS designs, as well as the
x-positions, differ, the overall designs appear similar in their
spreading of funnels and gates. The flow field seems to drift
toward the east, causing an overall shift in x-positions to the
right.

[78] In the case of Gauss2, the 10 best designs identified
are less wide and considerably more distant from the source
zone than in the case of Gaussl. Again, they differ in actual
position, but for the x-coordinate, at least, this difference is
less pronounced. The pattern of a large central barrier with
relatively closely spaced surrounding gates seems to hold in
the majority of the Gauss2 cases. The flow field of Gauss2
apparently focuses the stream tubes coming from the source
zone at some distance down-gradient, where the near-
optimal FGS are placed. This could explain the fact that
all designs are narrower than the source zone width.

[79] For Gauss3 the widest near-optimal FGS designs
were obtained. All of them are positioned closely to the
source zone and only minor shifts are present along the
x-direction. Again, the pattern of a larger central barrier with

Figure 15. Ten best designs found for Gauss2: (a) fitness
and (b) FGS designs and x-position (The x-position of the
source zone is indicated by the two vertical dashed lines.)
Please note that only the x-direction is scaled. (c) Distance
between FGS and source zone.

the gates grouped closely around it seems to hold in the
majority of cases.

[so] Considering the overall picture, it appears that intro-
ducing a strong heterogeneity, like a large central barrier, is
an advantageous feature for the FGS design. It seems
intuitive that most of the stream tubes that are deflected
by the barrier are forced into the closely spaced gates at its
tips. Large central gates, as used in single gate systems,
were not identified as good solutions in this study. In fact,

a) b) c)

+

>
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Figure 16. Ten best designs found for Gauss3: (a) fitness
and (b) FGS designs and x-position (The x-position of the
source zone is indicated by the two vertical dashed lines.)
Please note that only the x-direction is scaled. (c) Distance
between FGS and source zone.
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the way the gates are grouped around the central barrier
raised the question of whether these enforced (by the bound
constraints on the decision variables) four-gate FGS could
be replaced by two-gate FGS in an uncomplicated manner.
Starting with the best design solutions, simply replacing the
barrier segments between gates (excluding the central
barrier) with additional gate cells yielded feasible two-gate
FGS for all best solutions of the realizations Gaussl—
Gauss3. A further enlargement of the middle barrier at the
cost of adjacent gate cells resulted in an even better (lower)
fitness in all three cases of two-gate FGSs.

[81] A point of discussion concerning these inferences is
that they are only based on investigations covering three
different conductivity realizations of the same random
function. It could well be that in instances of stronger
heterogeneity, where distinct high-conductivity channels
dominate the flow regime, a higher number of gates is more
beneficial. Along the same line, it is clear that if the head
buildup in front of the FGS is also a constraint in the
optimization task, larger barriers should be avoided. How-
ever, for the optimization task stated, large central funnels
seem to provide the most effective control of the flow field.

5. Summary and Conclusions

[82] In this work, a formal procedure was developed for
the cost-optimal design of passive remediation technologies,
more specifically, funnel-and-gate systems (FGSs). To es-
tablish a basis, the main economically relevant technolog-
ical elements are determined and general cost functions are
set up to obtain a quantitative assessment. In principle, these
cost functions could be transferred to the conditions of real
cases by utilizing site specific values for the individual cost
parameters considered, limitations being time-dependent
costs or decisions which were not included. The focus
was placed on the main technological elements: funnel,
gates, and treatment material. In fact, the total cost of such
remediation systems can be significantly higher as further
site-specific expenditures, such as those for monitoring and
maintenance, are ignored when comparing the FGS variants
here.

[83] The performance of the FGS is assessed based on its
capability to capture and treat a contaminant plume at a
hypothetical site implemented in a numerical model. These
criteria, as well as cost minimization, were addressed by an
objective function, which is revealed to be nonlinear and to
exhibit several local optima. These observations have al-
ready been made for a simplified one-gate test case,
indicating even more complex objective functions for more
realistic problems, especially when multigate systems have
to be configured. Though working on real-valued decision
variables, an up-and-coming variant of evolution strategies,
the CMA-ES, achieved stronger convergence properties
compared with the binary-coded simple GA applied to the
test case. Generally, the results indicated a high reliability in
identifying the global optimum for the CMA-ES. Despite
the large number of possible FGS variants (>50,000), 70 of
100 CMA-ES runs identified cost-minimized systems.
However, alternative implementations of genetic algo-
rithms, which commonly are specifically suited to discrete
problems, may represent true alternatives. Therefore re-
search in such a direction is encouraged.
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[s4] A main question was how to encode the FGS design
problem in favor of algorithmic needs while maintaining
maximum flexibility for design adjustment. Three different
parameterizations of the problem, string, middle segment,
and tree encoding, were developed with different levels of
decision variable decorrelation. For the more computation-
ally demanding four-gate system, several independent
CMA-ES runs were conducted for each encoding in order
to identify the most favorable option for different heteroge-
neous aquifer realizations. Compared with the others, tree
encoding improved the fitness of the best individual more
quickly in the beginning of the evolutionary search. This
might be attributed to the lower correlation between deci-
sion variables. Optimization with tree encoding, however,
also showed a fine-tuning limitation, as indicated by the
early stagnation within the 4000 objective function evalua-
tions considered. Most likely, this effect is caused by the
impossibility of providing search-stage-dependent, mini-
mum step-sizes for the CMA-ES. As a conclusion, it can
be stated that string encoding and MSE appear to converge
more slowly but also more consistently.

[s5s] For each template aquifer, the FGS configuration
with the best optimal function value was only detected in a
few independent optimization runs. However, in view of the
billions of design alternatives possible (in the case investi-
gated, there are 5% x 30° four-gate FGS designs when only
considering permutations of funnel and gate widths), it
seems reasonable to evaluate the performance of this
optimization procedure regarding its ability to find near-
optimal technologies. Furthermore, by setting a tolerance of
a few percent on the acceptable objective function value, a
significant number of near-optimal solutions were identified
with slightly higher costs than the most inexpensive FGS
design. The near-optimal systems are distinct from the
typically implemented FGS designs. The detailed inspec-
tion of these revealed the general features of an optimal
system, such as the presence of a large central barrier. In at
least the circumstances of this study, these findings sub-
stantiate the suitability and worth of algorithmic optimiza-
tion compared with manual or pure empirical technology
adaptation, which would hardly have considered such
outside-the-box solutions.

Appendix A

[86] The following formulas given by Hansen and
Ostermeier [2001] define the CMA-ES algorithm through
the transition from generation % to g + 1 of the parameter
vectors (individuals) x{©,.. . x> € R”", evolution paths p%,
p® e R”, covariance matrix C® € R"”, and general step-
size 0@ € R, The (x){¥ and ¢'” have to be chosen
problem-specific, whereas evolution paths and covariance
matrix are initialized as p” = p® = 0 and C° =T (unity
matrix), respectively. All vectors are assumed to be column
vectors.

X = (x)#) 4 ole) BEpEglEtY (A1)
| SN —
N]v(o}c(g))
where
x® € R" object parameter vector of the th individual

in generation g + 1;
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9 = (1) m) S e R
weighted mean of the p best individuals
f generation g;

£t D e RT ’(f)orgfjce:atﬂ..g,’)\ and g = 0, 1, 2,
independent realizations of a (0, I)-normally
distributed random vector. Components of
7€ © Y are independently (0, 1)-normally
distributed.
symmetncal posmve definite #n X n matrix.
C® is the covariance matrix of the normall
distributed random vector B@D®@zE"D.
C® determines B® and D®. C® =
B(g)D(g)(B(g)D(g))T = B(g)(D(g))2(B(g))T
Whl)Ch is a singular value decomposition of
C
n X n — diagonal matrix (step size matrix),
where the diagonal elements are square
roots of eigenvalues of the covariance
matrix C®, and all off-diagonal elements
are zero;
orthogonal n X n matrix (rotation matrix)
that determines the coordinate system,
where scaling with D® takes place. Col-
umns of B® are (deﬁned as) normahzed
eigenvectors of the covariance matrix C®

C(g)

D@

B®

pt) = (1 —c.) - p® + ¢ ¢,BEDE) (7)™
—_—

cleth) —

T
(1 = Ceor) - €@ + oy - pEY (pﬁé’“)) (A3)

where
p€ "D e R" sum of weighted differences of points
(x),, (from g and g + 1);

c. €10, 1] determines the cumulation time for p,,
which is roughly 1/c,
Cer=+/c(2 —c.) normalizes the Varlance of p., because

1= —c) +df

1
W
cy = # chosen such that under
D
random selection cw<z>v(§”) and z&"D
have the same variance (and are
identically distributed);
1
@ =y !
Zi:l Wi
from equations (A1). The notation i: A
denotes the index of the ith best
individual from x(g * 1) ,x(;\gﬂ). The
weights are identical Wlth those for
g+
()W
change rate of the covariance matrix
C. For ¢, = 0, no change takes place.

) with 2§D

Ceov € [0, 1]

[s7] The additional adaptation of the global step size o
is taking place on a considerably shorter timescale. For the
cumulative path length control in the CMA-ES, a “conju-
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gate” evolution path p&€*" is calculated, where scaling with

D® is omitted.

P = (1= co) Bl e B (ad)
L] peth || —x

O.(ngl):a(g),exp( gt ] xn) (A3)
dy X

where

p€ "D e R" evolution path not scaled
by D&,
determmes the cumulation
time for p,, which is

roughly 1/c;
e =/cr(2—¢,)

d, > 1 damping parameter, deter-
mines the possible change
rate of 0@ in the generation
sequence;

expectation of the length of
a (0, I)-normally distributed
random vector.

€10, 1]

X, = E[l| N (0,1) ]
_ /3 F(n+

)
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